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An Analysis of the “Quarter-Wave” Technique of
Reducing the Errors in UHF and Microwave
Impedance Measurement

WILLIAM E. LITTLE, DOYLE A. ELLERBRUCH, MEMBER, IEEE, AND GLENN F. ENGEN

Abstract—An analysis is given of the “quarter-wave” impedance mea-
surement technique. This technique, which finds its widest potential applica-
tion in conjunction with standing wave machines, permits the approximate
elimination of the error due to residual reflection or VSWR. If the other
sources of error are small, the potential reduction in error is in the ratio
|t111/2|81:|, where S, and ¢, are the residual reflection coefficients of the
standing wave machine and quarter-wavelength section, respectively.

INTRODUCTION

HE “QUARTER-WAVE” technique [1}-[3] of im-

pedance measurement is, in fact, a modification of

existing methods, and derives its name from the use of
a quarter-wavelength section of precision waveguide in the
measurement procedure. It finds its widest application in
conjunction with standing wave machines, but has potential
application to the reflectometer and other impedance
measurement techniques.

Most standing wave machines suffer from a common
problem, that of providing a low reflection transition be-
tween the uniform section of line in which the probe moves
and the reference plane at which the unknown impedance is
connected. In the simplest case, this involves only a transi-
tion from slotted to unslotted outer conductor; in practice, a
change in cross section and dielectric supports may also be
involved.

The residual reflection of this transition represents an
error, which becomes increasingly important in the mea-
surement of small reflections and whose elimination is the
object of the quarter-wave technique. In a few words, the
technique consists of first measuring the unknown imped-
ance in the usual way and of taking a second measurement
with a quarter-wavelength section of line inserted between
the unknown and measuring machine. Ideally, this shifts
the phase of the unknown by 180° while leaving its mag-
nitude unaltered. Comparison of these two measurement
results permits the (approximate) elimination of the residual
reflection, and consequent determination of the unknown
with improved accuracy.

It is the purpose of this paper to give an evaluation of the
technique, including a tabulation of the various approxi-
mations and other sources of error. The analysis also gives
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first-order corrections which may be applied when the
*“quarter-wavelength” section deviates from the ideal value
by a known amount.

Basic THEORY

The basic theory which underlies the method may be
understood by reference to Fig. 1. The impedance measuring
device is represented by an ideal impedance meter followed
by a transition section that is described by the scattering co-
efficients S;,, S;,, S,, (reciprocity is assumed). The prob-
lem is thus one of relating the reflection coefficient of the
unknown I, to the reflection coefficient I, which is mea-
sured by the impedance meter. These quantities are related
in the following way

S%ZFa
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In practice, |S,,|*~1, while |S,| and |S,,| are both smail.
(|S1.] is one measure of the discontinuity in the transition
section). Inspection of (1) shows that the S,; term repre-
sents a potential error of increasing importance as the mag-
nitude of the reflection coefficient ]Fa| decreases. In prin-
ciple, 14, S1,, and S,, may be measured, thus permitting
I, to be computed from the measured quantity I';. Methods
for doing this have been described by Deschamps [4],
Altschuler and Felsen [5], and others [6], [7].

The quarter-wave technique provides an alternate solu-
tion to this problem. It differs from other techniques in that
no correction has to be computed and applied to the mea-
sured quantity, because the residual error caused by the
coeflicient S, is eliminated from the measured quantity.

Assuming the value of I'; has been measured as indicated
in Fig. 1, the next step is to insert the quarter-wave section
as shown in Fig. 2. (In the general analysis to follow, the
quarter-wave section is assumed to have the scattering co-
efficients t,;, fy,, t,,; for the present, it is considered
“ideal.”’) Addition of the quarter-wave section transforms

I, into —TI,, and the corresponding value measured by the
impedance meter is
s3,T,
=S, 6 —_"12a |
= Su R @

1|8y |~(residual VSWR —1)/2.
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Fig.1. Arrangement when reflection coefficient I'; is measured.
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Fig. 2. Arrangement when reflection coefficient I, is measured.

Subtraction of (2) from (1) yields

r,—-r S3
1 2 — 12 5 r‘a' (3)
2 1 —(S,5,1%)

By hypothesis, |S,,| is small, thus the second term in the
denominator is of second order or less. The difference be-
tween |S,,|* and unity is closely related to the attenuation
of the transition section and is no more than a few percent
in typical cases. The elimination of the S, term thus repre-
sents a substantial improvement in the potential accuracy,
particularly for small values of |F a|. In many instances, only
the magnitude of I, is of interest, and this is equal (approxi-
mately) to the magnitude of the left-hand side of (3).

Determination of the argument of I, requires the argu-
ment of $%,. In complete analogy with conventional slotted
line techniques, the unknown load may be replaced by a
short circuit (I',= — 1). The observed reflection coefficient
I, now becomes

2
Sta

I,=8;,— —12 .
Ls 1+ 5,5,

S11 )

With the quarter-wave section inserted between the short
circuit and measurement machine,

1—‘2s = (5)

Equations (4) and (5) may be combined to yield

Cp—Ty 5%
2 [ - 8%,

(6)

which, in theory, represents a good approximation to S?,
in both phase and magnitude.
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In practice, however, because of the problems and the
errors associated with the determination of the magnitude
of a large reflection, it is common to observe only the argu-
ments (position of null) of I';;, IT',,, and take the magnitudes
as equal to unity.

Now,

%(argrls + arg r2s - 7I) = %arg(—FISFZS)
e ﬁz@_”ﬂu
g 1-83, 81,

_ﬁﬁ—%ﬂ} o

4
S12

and by inspection (ignoring second-order terms in S,
S,,) this is (approximately) equal to arg (5%,).
In summary, if the second-order terms are ignored,

L-n

It ~ 5

; ®)

and
argl, = arg(; — I',) — 3 (arg Iy, + arg D — 7). (9)

Equations (8) and (9) thus give the magnitude and argument
of I, in terms of the observed quantities I'y, I',, arg (I'; ),
and arg (I',).

By inspection it may be recognized that arg I',, as deter-
mined by (9), is invariant to the choice of phase reference in
the slotted line (as of course it should be).

In the event that the electrical length ! of the quarter-
wave section deviates from the prescribed value 7/2 by a
known amount, (8) becomes

-5

| “I ~ 2cosh (10)

where 0 = pl— n/2. For practical purposes, the technique for
determining arg I, remains the same, although an increased
uncertainty results. These statements will be demonstrated
in the section to follow.

ERROR ANALYSIS

As noted above, the transition section is completely char-
acterized by the scattering coefficients S;, S5, 5,5, and
since these are, in general, complex, they represent six
parameters. However, if the transition is assumed lossless,
and free of electrical discontinuities (matched), the following
conditions are satisfied: S;;=5,,=0, |S;,|=1. The loss-
less and matched conditions are thus sufficient to determine
five of these six parameters, leaving only the argument of
S to be measured (by noting the position of the null when
the transition is terminated by a short circuit). This, of
course, is the basis for the conventional use of the slotted
line.

A convenient measure of the transition discontinuity is
provided by [S,,|, since this is (by definition) the reflection
coefficient magnitude observed when the impedance meter
(standing wavé machine) is terminated by a reflectionless
load.
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The efficiency #,, under this same condition (reflection-
less load), is given by

[S1/*
= . 11
In practice, |Sy,| is small, thus, 7,%|S;,|* and

L—n =~ 1—[S,? (12)

will be taken as a measure of the adaptor loss. Finally, it
may be noted that if the losses are small, |S,,|~|S;4|-

The foregoing comments also apply to the quarter-wave-
length section with the exception that the phase shift is now
usually inferred from physical measurements of its dimen-
sions. Its departure from the ideal will be expressed in terms
of its reflection, |t;4], (|t;1|=|t22)), efficiency #,, and un-
certainty in electrical wavelength, &.

The object of the error analysis is thus to obtain an error
expression for the above described technique that is correct
to the first order in |Sy |, (or |S,2)), (1 =), |t14), (1 —n,), and
&. In practice, there will be additional errors in the measure-
ments of Iy, I, arg I';,, and arg I, but the treatment of
these is outside the scope of this paper. The purpose here is
primarily one of comparing the quarter-wave technique
with the more conventional procedure, and thus such things
as probe coupling errors, etc., which are common to both
procedures, are not considered.

In the more general treatment, (1) is unaltered, while (2)
is replaced by

ST,
I,=8,, +- —=*t_, (13)
2 11 1 _ Szzrb
where
2,1,
I.=1t __teva
b 11 + 1 _ t22fa (14)

and the t, , are the scattering coefficients of the quarter-
wavelength section.

Equation (13) may be combined with (1) to yield
_ ShTL,-T)

(1 — $2,I5)(1 — S5,T})
~ ST,(0, — TY[1 + S5(T, + )],
where terms in S3, have been ignored.

By hypothesis, |t,,| and |t,,| are small and (14) may be
written

I, —T,

(13)

Fb ~ t%zra + tll + t%ztzzrg, (16)

which is correct to first order in ¢,, and ¢,,. Substitution of
(16) into (15) yields?

I — T & 83,[(1— 650, — £y — 13215,T2

+ 85,201 — 11,)] 17

2 In this and what follows, it will be understood that the given equations
are correct only to the first order in the quantities ¢;4, t55, S5, (1—17,),
(1-n,),ande.
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In accord with the previous discussion,

2 j2(Bl+
2, ~ 11qu B e),

(18)

where Bl is the measured electrical length of the “quarter-
wave”’ section, and ¢ represents an error in its determination.
Now,

Bl+e=mn/2+ 0 +e. (19)
To a first approximation, 1 —t2, is given by
1 — 2, ~2ecos {1 + (1 + jtan6)
“Lje = 120 = ny)]}, (20)
while?
1 —t1, ~ —4je’??sin 0 cos 6. 1)

Substitution of (20) and (21) into (17), and making use of
the approximation
51,

St~ — 0 —n)]

22
e (22)

leads to

-1, ~T S%Z 20
2cos 0 1812

-{1 — (1 —n)+ (1 + jtan O)[ je — 1/2(1 —n,)]

- 2j 0 gin g 11 ¥ tatald
2JS22raeJ Sin 0 2raej6 os 0 , (23)
and
I, —-T
%WHZI ~ IF,,I{I — (1 —n)—1/21 —n,) + etan
£ 2I85,| [T sin 6 & AT cost | (24)

Here, the worst phase conditions have been assumed and
the + sign is used to indicate that the true value will lie
somewhere within these limits.

In addition, two imaginary terms have been dropped,
since they produce only a second-order change in the mag-
nitude. Equation (24) is the desired generalization of (10)
from which the following tabulation has been made.

TABLE 1
FRACTIONAL ERRORS (AT,/T7,)

Source Error
Dissipation in transition section —(1—n,)
Dissipation in quarter-wave section —1/2(1—19,)

+218,,1|L,] sin 8
Jli+np
- 2|, cosh
+le| tan 6

Discontinuity in transition section
Discontinuity in quarter-wave section

Uncertainty in length of quarter-wave section

3 Note that only a “zero-order” approximation is required here, since
(1—1%,) is multiplied by S,, in (17).
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The error due to dissipation in the transition section is
the same as would occur in the conventional use of the
slotted line, as could have been anticipated. The counter-
part in the quarter-wave section is multiplied by one half,
which may be explained by noting that this loss is present
in only one of the two measurements. It is of interest to
note that the errors due to both |¢] and |S,,| vanish (to
first order) when 6 is nominally zero (the section is within
+e¢ of being a quarter wavelength).

The most serious source of error is due to discontinuities
in the quarter-wave section (]tu]). By inspection these be-
come of increasing importance as the value of the unknown
reflection |T,| decreases. By way of comparison, the cor-
responding error in the conventional use of a slotted line is
approximately +|S,,|/|I,|; thus, the potential reduction in
error is in the ratio |t,,|/2|S; |, provided the other sources
of error are negligible.

It should be noted that the preceding error expressions
break down if 6—mn/2, but should be satisfactory in the
range 0< |0|<n/4.

The error in the argument of T, as given by (9) is deter-
mined next. Using the same reasoning as employed in the
preceding paragraphs, a first-order expression for I, I, is
given by

~ 4 2,26
I = —S12|t12| e

S . t
. {1 + 2je + <S22 + _“2_>2jef9 sin 6 — (t22 + tél)ﬁ (25)

Stati, \ 12/}
From the inspection of (23)
arg(l; — )~ argl, +arg 83, + 0+ ¢ — 3(1 —n,)tan 0

: |t3: |1+ T,
+ [lezzl |Fa| sin O + W . (26)

and similarly from (25),
sarg (=T )~arg S2,+0+e£[2[S,,]sin 0+]t,4|] (27)
Subtraction of (27) from (26) yields
arg (Iy — I) — sarg (—T Ty
=argl, — (1 — n,)tan @ + {2|522](1 + |I]) sin 6

+ |ty4] [1 + %]l

2T} cos 0§ @8)
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The last three terms thus give the error (in radians) in the
determination of arg (I',), by means of (9).

CONCLUSION

The error in a standing wave machine, introduced by the
transition between the uniform slotted section and the
reference plane of the machine, can often be significantly
reduced by use of the “quarter-wave” technique described
above, because the residual error caused by S , is eliminated.
This technique differs from others, such as the “sliding load
method,” in that the residual error is eliminated from the
measured quantity, rather than explicitly evaluated ; hence,
computed corrections are not necessary.

This technique is of general applicability but probably has
its greatest significance for coaxial line systems. In addition
to a significant improvement in the accuracy potential of a
given machine, its existing measurement capability may also
be extended, with little loss in accuracy, to other waveguide
or transmission line size by use of a low loss adaptor. In
addition to the adaptor, the only requirement is for a
precision quarter-wavelength section in the desired wave-
guide size.
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